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Abstract. In this paper, several new solutions of the evolution equation for Kelvin-
Helmholtz waves near direct resonance are obtained by Darboux transformation.

1. Introduction

Ma (1984) derived an evolution equation for Kelvin-Helmholtz waves near direct
resonance and the Lax pair associated with this equation was also found. Ma discussed
the inverse scattering problem in the (1+ 1)-dimensional case and gave the soliton
solutions of this equation but a simple solution, which does not decay to zero as x » o,
cannot be included in this method.

Recently, a method has been suggested for generating the solutions of the non-linear
evolution equations (NEE) which possess a Lax pair. This method depends on the old
theorem proved by Darboux. It is well known that the xav equation

u, —6uu, +u,, =0 (1.1)
can be deduced from the compatibility condition of the Lax pair

e =(A~u)p (1.2)

@, =—up+(2u+4i)e,. (1.3)

Darboux had proved that if ¢ = ¢(x, 1, A} is the general solution of (1.2), f=f(x, t, A,)
is a special solution of (1.2) with A = A, then, by the transformation

¢=e:— (/e (1.4)

d=u-=2(Inf),, (1.5)
¢ satisfies the equation

Gux =(A — ). (1.6)

It implies that (1.2) is ‘invariant’ under the action ¢ > ¢, u—> . We call (1.4) and
(1.5) the Darboux transformation (DT).
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The relation (1.5) has been used to deduce the x part of the Bicklund transformation
for the Kdv equation by Wadati et al (1975): the connection between u and @ is a
non-linear equation.

We follow Darboux’s idea in another way. We find that if ¢ is also a solution of
(1.3) and f is also a special solution of equation (1.3) with A = A,, then under (DT)
(1.4) and (1.5), (1.3) is also ‘invariant’, i.e.

G =—i p+(20+41)E,. (1.7)

It implies that if u is a solution of the kdv equation (1.1) then @ defined by (1.5) is a
new solution of the kdv equation. Moreover ¢ defined by (1.4) is a solution of (1.6)
and (1.7). For another special value A = A,, and a special solution f or f=@(x, , A,)
we obtain another new solution & = i — (In f),, for the kdv equation. This procedure
can be continued.

Based on the bt (1.4) and (1.5), we can generate a series of solutions for the Kav
equation by solving two linear problems without solving any tedious non-linear
equations and to generate the exact solution of the NEE without the knowledge of any
boundary conditions, such that we can obtain not only the soliton solution but also
another type of solution. We have successfully used this method to generate the
solutions for several NEE (see Li 1986a, b, 1987, Li and Gu 1987, Li and Wang 1985).

In this paper, we use this method for generating the solutions of the evolution
equation for Kelvin-Helmholtz waves near direct resonance. The paper is organised
as follows: in § 2, we deduce a more general non-linear evolution equation from the
Lax pair and contains the equation of Kelvin-Helmholtz waves near direct resonance
as a special case. In §3, we discuss the Darboux transformation method for this
equation. In § 4, several types of solutions are given.

2. A non-linear evolution equation and its Lax pair

We consider the following two linear problems:

_ 2 . b )
Do = Mg M= Z (a, ) >§J ¢=(<P11 ‘P12> 2.1)
j=0 C} _aj (531 P22

¢ = Np N=§N+ N, (2.2)
where
- 4 0
D=£+BE a,=--2i b,=c¢,=0 a, = —ia b,=2g

¢, =2r ay,=—iqr by=ig, +aq Co=—ir,+ ar (2.3)

¢ is an eigenparameter, a and B are real constants and g and r are functions of x, y
and ¢

From D3,p =4,De, it yields
M,—DN+MN-NM =0, (2.4)
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Substituting (2.1)-(2.3) into (2.4), we obtain
iQI1+aqn_(qx+qu)_2iq2r'—‘0 (2 5)
—ir, +ar,—(r+ Br,) +2igr’ =0. )

This is a (1+2)-dimensional non-linear evolution equation. If g =-r*=S5, then
equation (2.5) reduces to the equation

S, —iaS, +i(S,+BS,)+2|S|’S=0 (2.6)
which is equation (14) of Ma (1984).

3. Darboux transformation

We deduce the Darboux transformation of (2.2). We assume a gauge transformation

et (3 (0 0) e (B 3 =
(where a, b, ¢ and d are functions of x, y and ¢). It maps the equation (2.2) into the
following:
¢, = Ng !\7=(_01 ?>§+<2 g). (3.2)
Then T satisfies the relation T, = NT— TN, i.e. a, b, ¢, d; g, r, § and F satisfy the relations
b=g+gq c=F+r (3.3a)
a,=ge—rb d,=Fb—qc (3.3b)
b,=4d —qa ¢ =Fa—rd. (3.3¢)

Obviously, the polynomial of det T(¢) =4&°+2i(a—d)+ ad — be has two zeros ¢,
and &, such that det T(¢)=4(£—£,)(£—¢,) and det T(£,)=0 (k=1,2). Since N and
N in (2.2) and (3.2) are traceless, det ¢, det ¢ do not depend on ¢ It follows from
the relation det T =det ¢/det ¢ that &, and &, are independent of ¢t and when &= §,
{k=1,2), ¢ in (3.1) are collinear, i.e.

sau(g)) . («slz(@)) .

k; =0 =1,2 3.4
(mfj) N\éanle) J G4
(where k; are independent of ¢). It can be seen that

(-2i¢+a)p +bp,=0 ch,+(2i€+d)p,=0 (3.5)
(=2i&+ @)y + by =0 o+ Qi +d) =0 '

where

&1 = ¢en(é)+kiea(€) 1= on(&)+ kapia(£2)

(3.6)
d2=@(&) t kien(€) Yo = @21(£2) T kry0(€,).
By solving equation (3.5), we obtain
a=(2i¢ ¢4, —2i&0,41)/A d = (2i§, 24, — 216,01¢2) 3.7)

b=2i(&— &) odn/A c=2i(£&— € daipy/ A
A=¢1'J/2—¢2$1' (3-8)
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Substituting b and ¢ defined by (3.7) into (3.3), we obtain

G=—q+2(&-€)dn/A F=—r+2i(&~ £) b/ A. (3.9)

We call (3.1) and (3.9) the Darboux transformation of (2.2). It means that the new
g, F and ¢ can be expressed by the old ¢ and r and their eigenfunctions ¢. Next we
shall prove the following theorem.

Theorem. If g, r is the solution of (2.5), and ¢ is a fundamental solution of (2.1) and
(2.2), then g, 7 defined by (3.9) is another solution of (2.5).

Proof. Let
M=(DT+TM)T". (3.10)

From lemma 5 of Li and Gu (1987) M and M are both found to be quadratic
polynomials of &:

- 2 a, bj :
M-j‘éo(cj _aj)gf. (3.11)

We rewrite (3.10) as DT = MT — TM and substitute M, M, T, defined by (2.1), (3.11)
and (3.1) respectively, into it. We have

15((1 b) =2i§3<—'&2'—"02 —52 )
c d -0, —a,—a,
( 2i(d,—a,)+(d,—a))a 2i(51+b1)+(62+a2)b)

=2i(¢,+c¢,)—(a,—a,)c 2i(a,—a)+(a,—a,d
g(zi(—ao+ ao)+(d,a+b,c)~(aa,+ be,)
2i(=&—co)+(éia+a,c)—(ca,+de)
2i(bo+ bo)+ (a;b+b,d)—(ab, — ba,) >
2i(—d,+aq)+(éb—a,d)—(cb,—da,)

+(doa+b_0c—(abo+ be,) dob+ byd —(abo—-bao)>
Eoa — dgc ~ (cay+ deg) Cob — dgd ~(cby—da,) )’
Equating the coefficient of &, j=3, 2, 1, respectively, we obtain
a,=-2i h,=¢,=0
d=a=ia b,=23 ¢, =2F (using (3.3a))
d,=—iqr bo=g,+ ag Go=—F+afF  (using(3.3a),(3.3¢)).

It turns out that M is the same type as M but g, r, g,, r, are interchanged with g,
F, 4, F, which are defined by (3.9) and D@ = M. Since in (3.2) N is the same _type
as N but g, r are interchanged with g, 7, from the compatibility condition 9 D¢ =D3s,g,
M,— DN+ MN — NM =0. It means that g, 7 defined by (3.9) also satisfies (2.5).

Remark. Since M, M are both traceless, &), &, k, and k, in (3.5)-(3.7) are constants
(independent of x, y and ¢).
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4. Some special solutions of equation (2.6)

The important case occurs when g = —r* = S, § = —7* = §. Inthis case, & = ¢, ¢, = ¢ 5,

¥, =—oF, and (3.9) is reduced as follows:

_Zi(ff—'fl)d’ld’)zk
10T+ 9207

(i) Since S =0 is a solution of (2.6), we take S =0 as our ‘seed’. The fundamental
solution of the equation

§=-5§ (4.1)

@1, = —iéey ©2, =1&@; (4.2)
Q1 F Bey, = (-2 ~ia)e, ¢20F Bea, = (21 +ia) e, (4.3)
is
¢=(‘P11 qolz)z(fl(Z)eXp(g(x, 1 €)) 0 ) (4.4)
¢ P2 0 So(z) exp(—g(x, t, £))
where f,(z) and f,(z) are arbitrary functions of z with z =y — Bx,
g(x, t, &) = —i(&t+28°x + axé). (4.5)

We take
& =0+in b1/ 2= f(z) exp(2g(x, 1, £)) flz) =exp(8(z)+ib(z)). (4.6)
From (4.1), we obtain

=27 exp{—4i[*+ 0’ + (a/2)¢1x —2it +i6(y — Bx)}

§= cosh[8({+a/4)nx+2nt+8(y —Bx)]

(4.7)

When 8 =0, equation (2.5) is reduced to (1+1) dimensions. The function S defined
by (4.7) is a function of x, t, 8(y) and 6(y) are constants. This is just a solution
obtained by the inverse scattering method (Ma 1984). We put { =—a/4, § =0in (4.7);
S is reduced to

S=-2nexp[di(a’/16+n)x +iat +16]} cosh 2. (4.8)

This is a periodic solution of (2.6)—it does not decay to zero as |x| > 0. The inverse
scattering method presented in Ma (1984) cannot be applied, but it is not difficult to
deduce by the Darboux transformation.

To continue this procedure, we take S defined by (4.8) with 6 =0, as our ‘seed’;
from (3.7), we have

= —3ia + 27 tanh 2nt

d =3%ia —2mn tanh 29t

b= 27 exp{il3ar+(4n°+ia’)x]} cosh 2nt (49)
¢ =2n exp{—i[3at+(47n° +ia?)x]} cosh 27t.
From (3.1) and (4.4), we obtain
@ =(=2if+a)e’ ¢a=be?
_ (4.10)

$=cet ¢n=Q2i+d)e "
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From (3.6), we take k; =1 and another special value £, =ie, & = £¥ and

&1 =¢nlie)+ @iaie) led?zk
¢;2=9521(i5)+€522(i5) (/72=_¢;=1k-
The other new solution of (2.6) is
$= —S_—Zi(.ai_ gl)_‘;l_‘;?
¢16T + d203
where
—§=2nexpliia’+4n?)x +iiat] cosh 2nt
b0} + drd¥=-2[(4e’+1a’+4n>+8¢en tanh 2nt) cosh 2a +2fh cos(p —2b)
2i(£f - &) 165 =[(f*+8%) exp(2bi) + h” exp(2ip - 2ib)
+2h exp(ip)(f cosh 2a +ig sinh 2a)]

f=(2&+2m cosh 2nt) g=—la

h=-27n/cosh2nt p=lat+(4n +iad)x.
(ii) We take the ‘seed’

S=Ae"

where A, w are constants and satisfy the relation
2A= 0’ ~ aw.

The fundamental solution of the equation

@0 = —itp;+ A eiM‘Pz ¢ =—A e_iwlﬁpl +iéep,
P1xt Bory, =ige, + Af €“'p, @1t By, = —fAe 0, —ige,
where
f=2-w+a g=-28-2a¢+ A’
is
i if
exol 3w ~vED-LvEix )
o= . .
A i if
—— e —exp| 2 (~w - VA~ VA
R GO o
A i if
e oy vaLvny)
exp(%(—w +\/A_,)t+g\/A_1x>
where

A, =48+ 4wt + tw’ - 2aw = 4A%+ 0P+ dwE + 482
(a) When w=A=0, it reduces to (i).

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
(4.19)

(4.20)

(4.21)

(4.22)

(b) A,=0, £ =—3w—iA, ;= (1+k,) exp(iwt/2), ¢,=(1+k,) exp(—iwt/2).

Substituting £, ¢,, ¢, into (4.1), we obtain
S=Ae",

(4.23)
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This is one interesting example which says that under the Darboux transformation
the solution is invariant.

©) A=w w>2a §l=—§+i(w2—2aw)”2 (4.24)
2 1/2
i<§+—;—)+—2\/z——l)=—(—w——2§%)—l—+i%=/te”l 9,=tan_lsza;w)m (4.25)
e O 200) 2 +i(2w - a)] = Y & 6=tan" —22 2
2 2 2 (w”—2aw)
Y =5w’—6bwa+a’. (4.26)
In this case, relation (4.21) is
exp[3wxy(cos 8 +isin 8)] exp[if;, —3wxy(cos 8 +isin 0) +iw?]
- (exp[i61+%wxy(cos f+isin 0) —iwt] exp[—3wxy(cos 6 +isin 6)] )
We take

¢,=R exp(icp+22)-y(cos 6 +isin 8)x) +R exp(—iqo —i9+iwt—§y(cos #+isin 0)x>
®,=R exp(icp —16, —iwt+§y(cos #+1isin B)X)

+R exp(—itp —%y(cos 0+isin 6)x>. (4.27)

From (4.1), we obtain

2(w’—wa)'? e [cos(wy sin Ox — wt +2¢)

S=_A el +cos 6, cosh wy cos Ox +isin 6, sinh wy cos 6x]

4.2
[cosh wy cos 6x —cos 8, cos(wy —cos x — wt +2¢)] (4.28)

(iii) We take S =exp[i(ax+by—1)], as our ‘seed’, where a=1-bB8 —aq, and S is
a periodic solution of (2.6).
The fundamental solution of the equation

¢ =—iép+ Se, ¢21=_S*¢1+i§€°2 (4.29)

P1xt Bor, =ige; +fS¢; ®2xt Bpay = —fS* ¢ ~ige, (4.30)
where

g= -2 —at+1 f=2¢6+1+a (4.31)
is

I(z) exp(—;(l —a+f\/A_l)x+%(—l+\/A_,)t)
o=

Il(z)-;-(2§——1+\/A_,) exp(ii(—l-%a +f\/A_1)x+% (1+\/5—,)t>

L(z) exp(%(l -a —f\/A—l)x+%(—1 —\/K-l)t)
. . . (4.32)
12(2)%(25— 1-VA) exp(g(—wa —f\/A_l>x+§(1 —JAT):)

Ay =—4£+4¢£-3
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where I,(z), I,(z) are arbitrary functions of z with z=y — Bx. For simplicity, we take
& =(1+v3i)/2 (i.e. A,=1) and put
o= I1(z) exp[i( &+ D)x+it]+ I*(2)(—i¢)) exp[—i(& +a)x —it]
b.=I(z)(i€,)) expli(& + a)x +it]— I*(z) exp[—i(§ +1)x] (4.33)
where 1(z) = R(z) e'*"® with z=y - Bx. From (4.1), we obtain

S=expli(x —ax—1)]

% ( —exp(ibz) __\/giSinh\/ix+x/§cosh V3x—2cos(2x+ ax+t+2l9(z)))

2coshv3x+V3 cos(2x + ax+t+26(z))
(4.34)

This is a periodic function of t.
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